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About This Talk

new proof of Huet’s parallel closedness

remark on Liu and Jouannaud’s work

comparison of closedness results
Huet 1980, Toyama 1981, Toyama 1988, Gramlich 1996
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Parallel Closedness

Theorem (Huet 1980)

left-linear TRS is confluent if —x-5 <
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Parallel Closedness

Theorem (Huet 1980)

left-linear TRS is confluent if «—x-5 < —>

Notation

t < x-5> u denotes critical pair (¢, u)

Definition (-+)

%) .
m z +~ z for all variables z,

B (51,00, 80) 40 F(tn, ... t) if
si—ﬁ@tiansz{i-p|1<i<nandpeB},and

lfO';{l-EliTO'ifEHTER

Parallel Closedness Revisited 3/22



Textbook Proofs

“Term Rewriting and All That", “Term Rewriting Systems”,
Baader and Nipkow, 1998 Terese, 2003
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Textbook Proofs

“Term Rewriting and All That", “Term Rewriting Systems”,
Baader and Nipkow, 1998 Terese, 2003

Definition (Huet 1980, Baader and Nipkow 1998)
5, P, Q| = per|(51y)| + Sgecul(sly)| where

m Py={p|p=qfor some g€ Q}, and

m Qo = {q| ¢ > p for some p € P}
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Example of Huet’'s Measure

consider left-linear TRS (COPS #35)

f(a,a) — g(f(a, a)) f(z,b) — g(f(z, x))
a—b f(b, ) — g(f(z,z))
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Example of Huet’'s Measure

consider left-linear TRS (COPS #35)

f(a,a) — g(f(a, a)) f(z,b) — g(f(z, x))
a—b f(b, ) — g(f(z,z))

parallel peak:

f(a,2), {1,2}, {e}| = 2> [f(b,a), {2}, {e}| = 1
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Huet’'s Proof of Parallel Closedness

Theorem (Huet 1980)

left-linear TRS is confluent if —x-5 < —+>
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s —H—u s ‘ U § — > 1
e e

>e —= — s’ ’ —
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Huet’'s Proof of Parallel Closedness

Theorem (Huet 1980)

left-linear TRS is confluent if —x-5 < —+>

—+>: ¢ by induction on (|s, P, Q|, s) wrt (>, >)

S—T'F—PU S - u S—EFU

e e

>e — - s -
IH. 7 PML . (2)

1 1 P . . 1

v . P ;
t———+k—+’v kil > v t———+F—+’U

(+) Is, P Ae}] > |s, PA{p}, Q| < difficult!!
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Ingenious Weight

Baader and Nipkow 1998

The Parallel Closure Theorem relies on an ingenious induction
to reduce multiple overlaps to critical pairs

Nagele 2017

Consequently, when starting the present formalization, we also
adopted this definition. However, the book keeping required
by working with sets of positions as well as formally reasoning
about this measure in Isabelle became so convoluted that it very
much obscured the ingenuity and elegance of Huet's original idea
while at the same time defeating our formalization efforts.
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New Induction Measure

Definition (inspired by Oyamaguchi and Ohta 1997)
[tlp = pep|(ty)]

Example
{12) f(a,a) e
2
2} f(ba a) {e} g(f(a7 a))
~—~
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New Induction Measure

Definition (inspired by Oyamaguchi and Ohta 1997)
[tlp = pep|(ty)]

Example
(1.2} v/f<a,a) : [f(b.b)[(12) =
8(f(a, )l =
f(b,a) \{ﬁ}j(f(a’a)) (b, b)2 =
f(b,b) g(f(a,a))] =
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Example
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New Induction Measure

Definition (inspired by Oyamaguchi and Ohta 1997)
[tlp = pep|(ty)]

Example

{1,2}
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New Induction Measure

Definition (inspired by Oyamaguchi and Ohta 1997)
[tlp = pep|(ty)]

Example
{1.2) v/f(a,a) e (b, b)|(1.0y = 2
g(f(a,a))l(y = 4
AU (0,0l =1
f(b, b) g(f(a, )]y = 4

Lemma

m [t|i = |t|p if P < Pos(t) and P is parallel
| |t|P > |t|p/ if P’ c P
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New Proof of Huet’'s Parallel Closedness

—+>: ¢ by induction on (|t|p + |ulg, $) wrt (>, >)es

s —H—u s— >u § ——> U
e  lex

> e L s L
I.H. . PML — :
: : P\{p}% LH. ()
>€ \J € \J \J
S R
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Almost Parallel Closedness

H80

YES 36
* 437 left-linear TRSs from COPS

Theorem (parallel closedness, Huet 1980)

left-linear TRS is confluent if —x-5 < —+
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Theorem (parallel closedness, Huet 1980)

left-linear TRS is confluent if —x-5 < —+

Theorem (almost parallel closedness, Toyama 1988)

left-linear TRS is confluent if

EEXNS C 4o & EXS S 4 - Fee

Toyama 1988 subsumes Huet 1980
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van Oostrom (June 16, 2020, private communication)

liu's proof may look quite different to your proof, but it seems
based on a similar main idea

Jiaxiang Liu and Jean-Pierre Jouannaud

Confluence: The Unifying, Expressive Power of Locality
Specification, Algebra, and Software, LNCS 8373, pp. 337-358, 2014
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https://doi.org/10.1007/978-3-642-54624-2_17

Liu and Jouannaud’s Proof of Toyama 1988

Theorem (almost parallel closedness, Toyama 1988)

left-linear TRS is confluent if

CEXNS C 4o & EXNS S 4o e
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Liu and Jouannaud’s Proof of Toyama 1988

Theorem (almost parallel closedness, Toyama 1988)

left-linear TRS is confluent if

CEXNS C 4o & EXNS S 4o e

Lemma 13 of Liu and Jouannaud 2014.

commutation of — and -+ is shown by Liu and Jouannaud'’s
decreasing diagram (Theorem 5) with labels

+(1.0) for all parallel steps, and
p
_)(0,\t|{p}) for s >t
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Liu and Jouannaud’s Proof of Toyama 1988

Theorem (almost parallel closedness, Toyama 1988)

left-linear TRS is confluent if

CEXNS C 4o & EXNS S 4o e

Lemma 13 of Liu and Jouannaud 2014.

commutation of — and -+ is shown by Liu and Jouannaud'’s
decreasing diagram (Theorem 5) with labels

+(1.0) for all parallel steps, and
p
_)(0,\t|{p}) for s >t

m our proof is essentially same as Liu and Jouannaud’s

m this result should be attributed to Liu and Jouannaud
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Gramlich’s Criterion based on Parallel Critical Pair

H80 T88 G96

YES 36 49 56
* 437 left-linear TRSs from COPS

Theorem (Gramlich 1996)

left-linear TRS is confluent if

B—X5>C +4p - &

>€ @
B +HX—C —
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Gramlich’s Criterion based on Parallel Critical Pair

H80 T88 G96

YES 36 49 56
* 437 left-linear TRSs from COPS

Theorem (Gramlich 1996)
left-linear TRS is confluent if

B—X5>C +4p - &

>€ @
B +HX—C —

Notation

h'|

t «+x— u denotes parallel critical pair
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Gramlich 1996 Does Not Subsume Huet 1980
consider left-linear parallel closed TRS (COPS #35) again

f(a,a) — g(f(a, a)) f(z,b) — g(f(z, z))
a—b f(b,z) — g(f(x, x))
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f(a,a) — g(f(a,a)) f(z,b) — g(f(z,z))
a—b f(b,z) — g(f(z,x

parallel critical pairs:

{1} f(a,a) € {12} f(a €
N

fba) . alf(aa) f(b,p> B(f(.9))
Lglf(b.)) <
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Gramlich 1996 Does Not Subsume Huet 1980
consider left-linear parallel closed TRS (COPS #35) again

f(a,a) — g(f(a, a)) f(z,b) — g(f(z, z))
a—b f(b,z) — g(f(x, x))

parallel critical pairs:

(U f(a,2) —_¢ (12} f(a,a)

TRS does not satisfy Gramlich's conditions

Parallel Closedness Revisited 16/22



Toyama’s Parallel Critical Pair

H80 T88 G96
YES 36 49 56
* 437 left-linear TRSs from COPS

Theorem (Toyama 1981)
left-linear TRS is confluent

XS e &

m for every parallel critical peak t HsSu
t—*y 3 uand Var(s, P) 2 Var(v, Q) for some v, Q)
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Example for Variable Condition

remark

. P €
for every parallel critical peak t<ts — u
t —*p & u and Var(s, P) 2 Var(v, Q) for some v, Q

Example
fg(z),y) — f(ha(z), y) g(z) - hy(z) hy(z) > =
f(g(x),y) = f(ha(x),ha(y)) hi(z) > 2

Parallel Closedness Revisited 18/22



Example for Variable Condition

. P €
for every parallel critical peak t<ts — u
t —*p & u and Var(s, P) 2 Var(v, Q) for some v, Q)

Example
f(g(@),y) — f(ha(z), y) g(x) = hy(z) hy(z) > =
f(g(x),y) = f(ha(x),ha(y)) hi(z) > 2

Parallel Closedness Revisited 18/22



Example for Variable Condition

. P €
for every parallel critical peak t<ts — u
t —*p & u and Var(s, P) 2 Var(v, Q) for some v, Q)

Example
f(g(@),y) — f(ha(z), y) g(x) = hy(z) hy(z) > =
f(g(x),y) = f(ha(x),ha(y)) hi(z) > 2

{1}}( \ {1}}( f(g(z),y) \6
f(hl(fc),y) E? 2(2),y) f(hi(z),y) f(ha(z), h2(y))
> Fa,y) <

Parallel Closedness Revisited 18/22



Example for Variable Condition

. P €
for every parallel critical peak t<ts — u
t —*p & u and Var(s, P) 2 Var(v, Q) for some v, Q)

Example
f(g(@),y) — f(ha(z), y) g(x) = hy(z) hy(z) > =
f(g(x),y) = f(ha(x),ha(y)) hi(z) > 2

{1}}( \ {1}}( f(g(z),y) \6
f(hl(fc),y) E? 2(2),y) f(hi(z),y) f(ha(z), h2(y))
> fay) <

Parallel Closedness Revisited 18/22



Example for Variable Condition

. P €
for every parallel critical peak t<ts — u
t —*p & u and Var(s, P) 2 Var(v, Q) for some v, Q)

Example
f(g(@),y) — f(ha(z), y) g(x) = hy(z) hy(z) > =
f(g(x),y) = f(ha(x),ha(y)) hi(z) > 2

{1}}( \ {1}}( f(g(z),y) \6
f(hl(fc),y) E? 2(2),y) f(hi(z),y) f(ha(z), h2(y))
> fay) <

Parallel Closedness Revisited 18/22



Example for Variable Condition

. P €
for every parallel critical peak t<ts — u
t —*p & u and Var(s, P) 2 Var(v, Q) for some v, Q)

Example
f(g(@),y) — f(ha(z), y) g(x) = hy(z) hy(z) > =
f(g(x),y) = f(ha(x),ha(y)) hi(z) > 2

{1}}( \ {1}}( f(g(z),y) \6

f(hi(z), ) fha(z),y)  flha(z),y) f(h(2), ha(y))
‘1 {1, ‘\\1 {1\,3}’
>l y) < f(z,y) <

Parallel Closedness Revisited 18/22



Example for Variable Condition

. P €
for every parallel critical peak t<ts — u
t —*p & u and Var(s, P) 2 Var(v, Q) for some v, Q)

Example
f(g(@),y) — f(ha(z), y) g(x) = hy(z) hy(z) > =
f(g(x),y) = f(ha(x),ha(y)) hi(z) > 2

{1}}( \ {1}}( f(g(x),y) \6

f(hi(z), ) fha(z),y)  flha(z),y) f(h(2), ha(y))
‘1 {1, ‘\\1 {1\,3}’
>l y) < fa,y) <

Parallel Closedness Revisited 18/22



Example for Variable Condition

. P €
for every parallel critical peak t<ts — u
t —*p & u and Var(s, P) 2 Var(v, Q) for some v, Q)

Example
f(g(@),y) — f(ha(z), y) g(x) = hy(z) hy(z) > =
f(g(x),y) = f(ha(x),ha(y)) hi(z) > 2

{1}}( \ {1}}( f(g(x),y) \6

) ) g() 0 @) ) b)
> f(r,y) < Sy <Y NG

Parallel Closedness Revisited 18/22



Example of Toyama 1981

consider left-linear parallel closed TRS again

f(a,a) — g(f(a, a)) f(z,b) — g(f(z, x))
a—b f(b, ) — g(f(z,z))
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Example of Toyama 1981
consider left-linear parallel closed TRS again
f(a,a) — g(f(a,a)) f(x,b) — g(f(z, x))
a—b f(b, z) — g(f(z, z))

parallel critical pairs:

f(a, € {1,2} f(a €
k ’ SR

f(b, g(f(a,;a))  f(ab) g(f(a,a))

\\ 1 1 1

S~ =" \ %

OK * g(f(b,b)) < OK
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Example of Toyama 1981
consider left-linear parallel closed TRS again

f(a,a) — g(f(a, a)) f(z,b) — g(f(z, x))
a—b f(b, ) — g(f(z,z))

parallel critical pairs:

f(a, € {1,2} f(a €
k ’ SR

f(b, g(f(a,;a))  f(ab) g(f(a,a))

\\ 1 1 1

S~ =" \ %

OK * g(f(b,b)) < OK

TRS satisfies Toyama 1981's conditions
Q: does Toyama 1981 subsume Toyama 19887
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Known Results

Baader and Nipkow, 1998: bibliographic notes in Chapter 6

An alternative and incomparable approach based on parallel
critical pairs is due to Toyama. Exercise 6.22 is based on the
work of Gramlich who rediscovered a slightly restricted version
of Toyama's main theorem.

Toyama 1981

Huet 1980

confluent TRSs

Parallel Closedness Revisited 20/22



Known Results

Baader and Nipkow, 1998: bibliographic notes in Chapter 6

An alternative and incomparable approach based on parallel
critical pairs is due to Toyama. Exercise 6.22 is based on the
work of Gramlich who rediscovered a slightly restricted version
of Toyama's main theorem.

Toyama 1981

Huet 1980

confluent TRSs

Parallel Closedness Revisited 20/22



Toyama 1981 Subsumes Toyama 1988

Lemma

for every left-linear almost parallel closed TRS
ift & s 4B u then there exist vy, V9, Q1, Q2 such that

mt—* v 3w and Var(s, P1) 2 Var(vy,Q1), and

mt 3 Ve *— u and Var(s, P,) 2 Var(vy, Q2)
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Toyama 1981 Subsumes Toyama 1988

Lemma

for every left-linear almost parallel closed TRS
ift & s 4B u then there exist vy, V9, Q1, Q2 such that

mt—* v 3w and Var(s, P1) 2 Var(vy,Q1), and

mt 3 Ve *— u and Var(s, P,) 2 Var(vy, Q2)

Proof.

by induction ([t|p, + |u|p,, s) wrt (>, >)es

Theorem

Toyama 1981 subsumes Toyama 1988
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Conclusion

m simple proof for parallel closedness
but it turned out this is reproduction of
Liu and Jouannaud’s proof

m criterion of Toyama 1981 subsumes others
c.f. Okui 1998 subsumes van Qostrom 1997

Toyama 1981

oyama 1988

Huet 1980

confluent TRSs
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